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Conformal invariance and the conformal–traceless decomposition
of the gravitational field
J. David Brown
Department of Physics, North Carolina State University, Raleigh, NC 27695 USA
Einstein’s theory of general relativity is written in terms of the variables obtained from a
conformal–traceless decomposition of the spatial metric and extrinsic curvature. The determinant of
the conformal metric is not restricted, so the action functional and equations of motion are invariant
under conformal transformations. With this approach the conformal–traceless variables remain free
of density weights. The conformal invariance of the equations of motion can be broken by imposing
an evolution equation for the determinant of the conformal metric g. Two conditions are consid-
ered, one in which g is constant in time and one in which g is constant along the unit normal to the
spacelike hypersurfaces. This approach is used to write the Baumgarte–Shapiro–Shibata–Nakamura
system of evolution equations in conformally invariant form. The presentation includes a discussion
of the conformal thin sandwich construction of gravitational initial data, and the conformal flatness
condition as an approximation to the evolution equations.
I. INTRODUCTION
The conformal–traceless decomposition of the gravitational field was originally introduced by Lichnerowicz [1] and
York [2, 3] in their work on the initial value problem. Since that time the same decomposition has appeared in various
guises in mathematical and numerical relativity. The BSSN [4, 5] (Baumgarte–Shapiro–Shibata–Nakamura) system
of evolution equations for general relativity is currently in widespread use in the numerical relativity community.
The BSSN equations are based on a conformal–traceless splitting. The recently discovered conformal thin sandwich
construction [6, 7], like the earlier techniques for solving the initial data problem, uses the conformal–traceless de-
composition. Unlike its predecessors, the conformal thin sandwich scheme mixes a subset of the evolution equations
with the constraints to facilitate the analysis. The conformal flatness condition (CFC) is an approximation to the
Einstein equations that uses the conformal–traceless decomposition. It has been applied to numerical simulations of
binary neutron star systems [8] and supernovae [9].
The conformal–traceless (CT) decomposition is
hab = ϕ
4gab , Kab = ϕ
−2Aab +
1
3
ϕ4gabτ , (1)
where hab is the physical spatial metric and Kab is the physical extrinsic curvature. The definitions (1) are redundant,
in the sense that multiple sets of fields gab, ϕ, Aab, τ yield the same physical metric and extrinsic curvature. To be
precise, these definitions are invariant under the conformal transformation1
gab −→ g¯ab = ξ4gab , (2a)
ϕ −→ ϕ¯ = ξ−1ϕ , (2b)
Aab −→ A¯ab = ξ−2Aab , (2c)
τ −→ τ¯ = τ , (2d)
for any field ξ. In many recent applications involving the conformal–traceless splitting the conformal invariance (2)
is broken, and the redundancy in the CT variables removed, by the condition that gab should have unit determinant.
There are various insights to be gained by leaving the determinant of gab unspecified at this point in the analysis.
Thus, I will not impose g ≡ det(gab) = 1.
In most of the original works on the initial value problem and on gravitational degrees of freedom [2, 10] the
determinant g is not restricted. Rather, the field gab is described as representing a conformal equivalence class of
metrics that defines a conformal geometry. The approach taken here is equivalent. However, instead of describing
the results in terms of conformal geometry, I treat gab as an ordinary spatial metric (symmetric type
(
0
2
)
tensor) and
emphasize the conformal invariance (2) of the action and equations of motion.
1 The arrow notation means the following: Replace the fields gab, ϕ, Aab, and τ with their “barred” counterparts, which differ from the
unbarred fields by certain factors of ξ. In Eq. (1) the factors of ξ completely cancel in each term so that hab and Kab are independent
of ξ. Thus, hab and Kab are conformally invariant.
2The physical metric and extrinsic curvature are also invariant under the “trace transformation” defined by τ −→
τ¯ = τ + ζ and Aab −→ A¯ab = Aab − ζϕ6gab/3, with gab and ϕ unchanged, for any field ζ. This redundancy in the CT
variables is usually removed by the condition that Aab should have zero trace. It turns out that there is no particular
advantage to be gained by leaving the trace of Aab unspecified. Thus, I will impose A ≡ Aabgab = 0. Then the CT
variable τ is the trace of the extrinsic curvature, τ = Kabh
ab.
At first sight it might appear surprising that I have chosen to keep the conformal invariance but eliminate the
trace invariance. The reason is that the trace transformation is essentially trivial. It just corresponds to a change in
the splitting of the trace of Kab into the two terms τ and Aϕ
−6. With the choice A = 0, the trace of the extrinsic
curvature is placed entirely in τ . In a similar fashion, the conformal transformation can be viewed as a change in
the splitting of the determinant of hab into the two factors ϕ
12 and g. However, this is a nontrivial change precisely
because the field ξ can carry a nonzero density weight. Throughout this paper I define the “unbarred” CT variables
that appear in the definitions (1) as having no density weight. Thus, gab and Aab are spatial tensors of type
(
0
2
)
, and
ϕ and τ are spatial scalars. If ξ carries a density weight, then the conformally transformed variables, the “barred”
variables in Eqs. (2), acquire density weights.
By not specifying g = 1 from the outset, the equations of motion we obtain are conformally invariant. We can
then consider breaking the conformal invariance by fixing g. In principle g can be chosen as any t–dependent scalar
density of weight 2. In practice I expect that the most natural way to break conformal invariance is to choose g
arbitrarily on the initial time slice and then evolve g according to some simple prescription. Two natural prescriptions
are considered, one in which g remains fixed along the time flow vector field (the “Lagrangian condition”) and one in
which g remains fixed along the normal to the spacelike hypersurfaces (the “Eulerian condition”). The equations of
motion differ between these two cases in the way that the shift terms appear. These differences can be interpreted as
changes in the density weights of the CT variables.
In this paper I carefully examine the full Einstein theory, constraints and evolution equations, in terms of the
conformal–traceless variables. One of my motivations for this analysis is to help clarify various subtle issues that
arise along the way. Most of the subtleties concern density weights. Consider what happens when g = 1 is fixed from
the outset. Then the conformal metric and conformal factor must carry nonzero density weights, because otherwise
g would not remain equal to 1 under a change of spatial coordinates. This leads to some unusual and potentially
confusing results. For example, in the initial value problem the Hamiltonian constraint is written in terms of the
conformal Laplacian operator acting on the conformal factor. Yet, the conformal Laplacian acts as if neither the
conformal metric nor the conformal factor carries any density weight. It is clear that the experts on the initial value
problem already recognize and understand this subtle point. One of my goals for this paper is to present a framework
for the conformal–traceless decomposition in which these subtle issues are largely avoided.
A second motivation for this analysis is to help pave the way for the development of numerical techniques in general
relativity based on the “variational integrator” approach to numerical modeling. (For an overview, see Ref. [11].) In
this approach, finite difference equations are derived by extremizing the action functional in discrete form. It turns
out that for a constrained system like general relativity, the equations obtained from a discrete variational principle
will mix the constraints and the evolution equations at each timestep. If the fundamental variables are the physical
metric and extrinsic curvature, then one is faced with the problem of solving a discrete version of the thin sandwich
equations [12]. By now it is well known that the thin sandwich equations are ill–posed, and do not admit a solution
in the generic case. On the other hand, the conformal thin sandwich equations are expressed in terms of “nice”
elliptic operators and one expects the system to be generically well–posed. In order to apply the variational integrator
construction to general relativity, we must first express the action in terms of the conformal–traceless variables.
Throughout this paper I use the lapse anti–density α as the undetermined multiplier for the Hamiltonian constraint.
The lapse anti–density carries density weight −1 and the Hamiltonian constraint carries density weight 2. York and
collaborators [6, 7, 13] have pointed out a number of reasons why this choice is preferred over the traditional scalar
lapse function. It has also been shown [14] that the BSSN equations are equivalent to a strongly hyperbolic system
with physical characteristic speeds when the lapse has density weight −1.
In Sec. II I begin by writing down the action and equations of motion in Hamiltonian form. In Sec. III the action
is expressed in terms of the CT variables (1). Because the action is conformally invariant, it can also be expressed in
terms of a set of conformally invariant variables that includes the density weight −2/3 metric g˜ab = g−1/3gab. The
equations of motion for the CT variables are derived in Sec. IV. There, it is pointed out that the conformal invariance
can be broken with either the Lagrangian or Eulerian condition on the determinant of gab. This leads to two sets of
evolution equations that differ in the way that the shift terms enter. In Sec. V I examine the BSSN system. It is
written first in conformally invariant form, then with the Eulerian and Lagrangian conditions applied. The conformal
thin sandwich equations are derived in Sec. VI. They follow directly from the Hamiltonian and momentum constraints
and the evolution equations of Sec. IV. The CFC approximation is discussed in Sec. VII. There it is pointed out that
the CFC equations are identical to the conformal thin sandwich equations with the restrictions that the conformal
metric gab is flat and the time slicing is maximal, τ = 0. The main results are summarized briefly in Sec. VIII.
3II. ADM ACTION AND EQUATIONS OF MOTION
The Arnowitt–Deser–Misner (ADM) gravitational action is [15]
S(g)[hab, P
ab, α, βa] =
∫
dt d3x
[
P abh˙ab − αH(g) − βaM(g)a
]
, (3)
which is a functional of the physical 3–metric hab, its conjugate P
ab, the lapse anti–density α, and the shift vector βa.
The dot denotes a time derivative, h˙ab ≡ ∂hab/∂t. The gravitational momentum is related to the extrinsic curvature
by
P ab =
1
2
√
h(habhcd − hachbd)Kcd . (4)
The gravitational Hamiltonian and momentum densities are defined by
H(g) ≡ 2P abPab − P 2 − hR/2 , (5a)
M(g)a ≡ −2∇bP ba , (5b)
where P = P abhab is the trace of the gravitational momentum and h is the determinant of hab. Also, ∇a and
R ≡ habRab are the covariant derivative and scalar curvature for the spatial metric hab. If matter fields are present
the complete action S = S(g) + S(m) includes a functional S(m) of the matter fields in addition to the gravitational
action. I will assume that the matter is “minimally coupled” to gravity, so the matter action does not depend on
derivatives of the spatial metric or on P ab. Throughout this paper I use units in which 8πG = 1, where G is Newton’s
constant.
Variations of the ADM action (3) plus matter action S(m) with respect to the lapse anti–density and shift vector
yield the constraints
H(g) = −hρ , M(g)a =
√
hja , (6)
where ρ and ja are the energy and momentum densities for the matter fields. They are defined, along with the spatial
stress tensor sab, in terms of the functional derivatives of the matter action by
ρ ≡ − 1
h
δS(m)
δα
, ja ≡ 1√
h
δS(m)
δβa
, sab ≡ 2
αh
δS(m)
δhab
− h
ab
h
δS(m)
δα
. (7)
Variations of the action with respect to hab and P
ab yield the well–known ADM evolution equations
∂⊥hab = α
(
4Pab − 2Phab
)
, (8a)
∂⊥P
ab = α
(
−4P acP bc + 2PP ab +
1
2
hRhab − 1
2
hRab
)
+
1
2
h∇a∇bα− 1
2
hhab∇2α+ 1
2
αh(sab − ρhab) . (8b)
The derivative operator on the left–hand sides of these equations is defined by
∂⊥ ≡ ∂/∂t− Lβ (9)
where Lβ is a Lie derivative along the shift vector field βa. Thus, (α
√
h)−1∂⊥ is the derivative with respect to proper
time along the unit normal to the spacelike hypersurfaces. Specifically, the Lie derivatives are defined by
Lβhab ≡ βc∂chab + hac∂bβc + hcb∂aβc = 2∇(aβb) , (10a)
LβP ab ≡ ∂c(βcP ab)− P ac∂cβb − P cb∂cβa = ∇c(βcP ab)− 2P c(a∇cβb) , (10b)
where ∂a = ∂/∂x
a and (a · · · b) denotes symmetrization on the indices a and b. Note that hab is a symmetric type
(
0
2
)
tensor on the spatial manifold, and P ab is a symmetric type
(
2
0
)
tensor density of weight 1 on the spatial manifold.
(The terminology of density weights is fixed by noting that
√
h is a scalar density of weight 1.)
The time derivatives in the action (3) can be written in terms of the normal derivative ∂⊥, with the result
S(g)[hab, P
ab, α, βa] =
∫
dt d3x
[
P ab∂⊥hab − αH(g)
]
, (11)
The difference between the actions (3) and (11) is a total derivative, 2
∫
dt d3x∇a(P abβb). This term vanishes for
compact spatial manifolds, and integrates to a boundary term for non–compact spatial manifolds. The presence of
boundary terms in the action affect the admissible boundary conditions to be imposed in the variational principle,
but they do not affect the resulting equations of motion. I will ignore such boundary terms in the present work.
4III. ACTION IN CONFORMAL–TRACELESS VARIABLES
With the physical spatial metric and extrinsic curvature written as in Eq. (1), the gravitational momentum (4)
becomes
P ab = −1
2
√
gϕ−4Aab +
1
3
√
gϕ2τgab . (12)
Recall that Aab is trace free, A = 0. Also note that indices on Aab are raised with the inverse conformal metric g
ab.
We can express the ADM action in terms of the conformal–traceless (CT) variables by substituting the expressions
for hab and P
ab into Eq. (11). The result is
S(g)[gab, Aab, ϕ, τ, α, β
a] =
∫
dt d3x
[
−1
2
g5/6Aab∂⊥
(
g−1/3gab
)
+
2
3
τ∂⊥
(
g1/2ϕ6
)
− αH(g)
]
, (13)
where the gravitational contribution to the Hamiltonian constraint is
H(g) ≡ 1
2
gAabAab − 1
3
gϕ12τ2 − 1
2
gϕ8R+ 4gϕ7D2ϕ . (14)
Here, R is the scalar curvature of gab, and Da is the covariant derivative compatible with gab. Note that the “velocity”
term ∂⊥
(
g−1/3gab
)
in the action is trace free. It can be written as ∂⊥
(
g−1/3gab
)
= g−1/3 (∂⊥gab)
TF
, where TF stands
for the trace–free part of the expression enclosed in parentheses.
Observe that the traceless property of Aab must be preserved when the action is varied. This condition can be
enforced with a Lagrange multiplier. The result is equivalent to simply demanding that the functional derivative
with respect to Aab must be traceless. In general, if we have a functional S[Tab] of a traceless tensor Tab and
δS =
∫
d4xEabδTab, then extremization of S[Tab] yields
(
Eab
)TF
= 0. This result, that the functional derivative
with respect to a traceless tensor is trace–free, should not be too surprising. For example, we routinely vary action
functionals with respect to symmetric tensors. The symmetry property can be enforced with a Lagrange multiplier,
but the result is equivalent to simply demanding that the functional derivative should be symmetric.
A key piece of the calculation for the action (13) is the expression for the scalar curvature of the physical metric
hab in terms of the conformal metric gab and conformal factor ϕ:
R = ϕ−4R− 8ϕ−5D2ϕ . (15)
This result can be derived in a straightforward way by inserting the decomposition hab = ϕ
4gab into the definition
for the Ricci scalar, R = 2gab
(
∂[cΓ
c
b]a + Γ
c
d[cΓ
d
b]a
)
, where Γabc = h
ad (∂bhdc + ∂chbd − ∂dhbc) /2 are the Christoffel
symbols.
The gravitational field contributions to the momentum constraint are “hidden” in the ∂⊥ terms in the action, since
these terms include Lie derivatives with respect to the shift vector βa. The Lie derivatives are defined by the tensor
character of the variables on which they act. For example, Lβgab and LβAab are given by expressions (10) with hab
replaced by gab, P
ab replaced by Aab, and ∇a replaced by Da. (Indices on βa and Da, like Aab, are raised and lowered
with the conformal metric gab and its inverse g
ab.) In the calculations here and below, it is convenient to use the
formula
LβT = gw/2Lβ
(
Tg−w/2
)
+ wTDcβ
c (16)
for the Lie derivative, where T is a tensor density of weight w. (The indices have been suppressed on T .) Then the
shift terms in the action (13) are
S(g)
∣∣∣
shift terms
=
∫
dt d3x
√
g
[
Aab (Daβb)
TF − 2
3
τDa
(
βaϕ6
)]
, (17)
and the gravitational contribution to the momentum constraint is
M(g)a ≡ −
δS(g)
δβa
=
√
gDbA
b
a −
2
3
√
gϕ6Daτ . (18)
The full Hamiltonian and momentum constraints are 0 = H(g) + gϕ12ρ and 0 =M(g)a −√gϕ6ja, respectively. They
are invariant under the conformal transformation (2).
5The action as written in Eq. (13) is a functional of the symmetric type
(
0
2
)
tensor gab, the symmetric type
(
0
2
)
tensor Aab, the scalars ϕ and τ , and the lapse anti–density and shift vector. Because the CT variables are redundant
the equations of motion obtained by varying the action are not independent. To be precise, the action is conformally
invariant so its variation vanishes when the CT fields are varied by an infinitesimal conformal transformation (2).
This leads to the relation
0 = 4gab
δS(g)
δgab
− ϕδS
(g)
δϕ
− 2Aab δS
(g)
δAab
(19)
for all field configurations, not just those that satisfy the classical equations of motion.
The conformal invariance of the theory defined by the action (13) can be displayed in an elegant form by treating
it as a constrained Hamiltonian system [16]. In that case the action becomes
S(g) =
∫
dt d3x
[
Pabmetric ∂⊥Qmetricab + Pphi ∂⊥Qphi + Prootg ∂⊥Qrootg − αH(g) − ǫ C
]
, (20)
where Pabmetric, Pphi, and Prootg are the momenta conjugate to the canonical coordinatesQmetricab = g−1/3gab, Qphi = ϕ6,
and Qrootg = √g, respectively. These variables are restricted by the first class constraint C ≡ QphiPphi−QrootgProotg.
The constraint C appears in the action with an undetermined multiplier ǫ. The momenta are related to the original
CT variables by QphiPphi = QrootgProotg = (2/3)√gϕ6τ and Pabmetric = −(1/2)g5/6Aab. These relations can be used
to rewrite the Hamiltonian constraint (14) in terms of the canonical variables. The “smeared” constraint
∫
d3x ǫ C
generates an infinitesimal conformal transformation (2) through the Poisson brackets with ξ = 1− ǫ/6.
Let us return to the action as expressed in Eq. (13). The equations of motion obtained from this action are
redundant, as shown by Eq. (19), because the CT variables are not unique. Said another way, the action (13) does
not depend on gab, ϕ, Aab, and τ separately but only on the combinations
g˜ab ≡ g−1/3gab = h−1/3hab , (21a)
ϕ˜ ≡ g1/12ϕ = h1/12 , (21b)
A˜ab ≡ g5/6Aab = −2h1/3 (P ab − Phab/3) , (21c)
τ˜ ≡ τ = P/
√
h . (21d)
These quantities are invariant under the conformal transformation (2). I will refer to g˜ab, ϕ˜
6, A˜ab and τ˜ as the
“invariant CT variables.” Note that g˜ab is the unit determinant metric. It is a type
(
0
2
)
tensor density with weight
−2/3. The variable A˜ab is a traceless type (20) tensor density with weight 5/3. It is proportional to the trace–free
part of the extrinsic curvature. The variable ϕ˜ is a scalar density with weight 1/6, and τ˜ is the trace of the extrinsic
curvature with no density weight. Note that indices on A˜ab and other “tilde” quantities are raised and lowered with
g˜ab and its inverse g˜
ab.
The invariant CT variables (the variables with tilde’s) are combinations of the CT variables (the variables without
tilde’s) that are invariant under the conformal transformation (2). But they can also be viewed as the CT variables
transformed by Eqs. (2) with ξ = g−1/12. This implies that the action, which is conformally invariant, has the same
expression in terms of the invariant CT variables as it does in terms of the original CT variables. Thus, we can rewrite
Eqs. (13), (14), and (18) by placing tilde’s on each of the CT variables:
S(g)[g˜ab, A˜ab, ϕ˜, τ˜ , α, β
a] =
∫
dt d3x
[
−1
2
A˜ab∂⊥g˜ab +
2
3
τ˜ ∂⊥ϕ˜
6 − αH(g)
]
, (22)
where
H(g) = 1
2
A˜abA˜ab − 1
3
ϕ˜12τ˜2 − 1
2
ϕ˜8R˜ + 4ϕ˜7D˜2ϕ˜ , (23a)
M(g)a = D˜bA˜ba −
2
3
ϕ˜6D˜aτ˜ . (23b)
Note that the determinant of g˜ab has been set to one. The full Hamiltonian and momentum constraints are H =
H(g) + ϕ˜12ρ and Ma =M(g)a − ϕ˜6ja, respectively.
In the Hamiltonian density H(g), the term R˜ is constructed from g˜ab according to the usual formula R˜ =
2g˜ab
(
∂[cΓ˜
c
a]b + Γ˜
d
a[bΓ˜
c
c]d
)
where Γ˜abc = g˜
ad (∂bg˜dc + ∂cg˜bd − ∂dg˜bc) /2. Likewise, the Laplacian operator acting on ϕ˜
is defined by D˜2ϕ˜ = g˜ab
(
∂a∂bϕ˜− Γ˜cab∂cϕ˜
)
. Because the metric g˜ab itself carries a density weight it transforms under
6a change of spatial coordinates with an extra factor of J−2/3 as compared with a weight–zero metric. Here, J is
the Jacobian of the transformation. As a consequence of the density weighting on g˜ab, the terms R˜ and D˜
2ϕ˜ are
not separately scalars under spatial coordinate transformations. However, the combination ϕ˜−4R˜− 8ϕ˜−5D˜2ϕ˜, which
equals the physical scalar curvature R, is a scalar. Then together the terms −ϕ˜8R˜/2 + 4ϕ˜7D˜2ϕ˜ that appear in the
Hamiltonian density (23a) transform as a scalar density of weight 2. Recall that the lapse anti–density α carries
weight −1, so αH(g) is a weight 1 density as it should be.
Also observe that the Laplacian D˜2 acts on ϕ˜ in Eq. (23a) as if ϕ˜ were a scalar rather than a scalar density of
weight 1/6. This is because the difference between D˜a acting on a scalar and acting on a scalar density is a term
proportional to ∂ag˜, which vanishes because g˜ab has unit determinant. Likewise, in the momentum density (23b), the
covariant derivative D˜b acts on A˜
b
a as if A˜
b
a were a type
(
1
1
)
tensor with no density weight.
IV. EQUATIONS OF MOTION FOR THE CONFORMAL–TRACELESS VARIABLES
Let us derive the dynamical equations of motion by varying the action (22) with respect to the invariant CT
variables. Note that the variations δA˜ab and δg˜ab are traceless. As discussed in the previous section, the functional
derivatives with respect to A˜ab and g˜ab are trace free:
δS(g)
δg˜ab
=
1
2
(
∂⊥A˜
ab
)TF
−
(
δH(g)
δg˜ab
)TF
, (24a)
δS(g)
δA˜ab
= −1
2
(∂⊥g˜ab)
TF −
(
δH(g)
δA˜ab
)TF
. (24b)
Here, H(g) ≡ ∫ d3xαH(g) is the gravitational field contribution to the Hamiltonian where H(g) is given by Eq. (23a).
The terms ∂⊥g˜ab and δH
(g)/δA˜ab = αA˜ab in Eq. (24b) are already traceless, so the equation of motion obtained by
varying the action with respect to A˜ab is ∂⊥g˜ab = −2αA˜ab. The term
(
∂⊥A˜
ab
)TF
can be written as
(
∂⊥A˜
ab
)TF
= ∂⊥A˜
ab − 1
3
g˜abg˜cd∂⊥A˜
cd
= ∂⊥A˜
ab +
1
3
g˜abA˜cd∂⊥g˜cd
= ∂⊥A˜
ab − 2
3
αg˜abA˜cdA˜cd , (25)
where the equation ∂⊥g˜ab = −2αA˜ab has been used. The evolution equation for A˜ab is found by setting δS(g)/δg˜ab
equal to −δS(m)/δg˜ab = −(αϕ˜16/2)
(
sab
)TF
in Eq. (24a) and using the result from the calculation (25). The remaining
equations of motion δS/δϕ˜ = 0 and δS/δτ˜ = 0 are straightforward to derive. The complete set is
∂⊥g˜ab = −2αA˜ab , (26a)
∂⊥A˜
ab = 2αA˜acA˜bc − 8ϕ˜7
[
αD˜aD˜bϕ˜+ D˜(aα D˜b)ϕ˜+
1
8
ϕ˜D˜aD˜bα− 1
8
αϕ˜R˜ab +
1
8
αϕ˜9sab
]TF
, (26b)
∂⊥ϕ˜ = −1
6
αϕ˜7τ˜ , (26c)
∂⊥τ˜ = αϕ˜
6τ˜2 + αϕ˜2R˜ − 14αϕ˜D˜2ϕ˜− ϕ˜2D˜2α− 14ϕ˜D˜aϕ˜D˜aα− 42αD˜aϕ˜D˜aϕ˜+ 1
2
αϕ˜6(s− 3ρ) . (26d)
Note that the matter variables have not been conformally scaled, and the indices on the spatial stress tensor are
lowered with the physical metric; in particular, s = sabhab.
The equations of motion for the original set of CT variables, gab, Aab, ϕ, and τ , can be found by extremizing the
action (13). These equations are redundant, as implied by the relation in Eq. (19). Alternatively, we can obtain the
7independent equations of motion by inserting the definitions (21) into Eqs. (26):
∂⊥gab =
1
3
gab ∂⊥ ln g − 2α√gAab , (27a)
∂⊥Aab = −1
6
Aab ∂⊥ ln g − 2α√gAacAcb
−8√gϕ7
[
αDaDbϕ+D(aαDb)ϕ+
1
8
ϕDaDbα− 1
8
αϕRab +
1
8
αϕsab
]TF
, (27b)
∂⊥ϕ = − 1
12
ϕ∂⊥ ln g − 1
6
α
√
gϕ7τ , (27c)
∂⊥τ =
√
g
[
αϕ6τ2 + αϕ2R− 14αϕD2ϕ− ϕ2D2α− 14ϕDaϕDaα− 42αDaϕDaϕ+ 1
2
αϕ6(s− 3ρ)
]
, (27d)
These equations are essentially identical to Eqs. (26), apart from various factors of g and the absence of tilde’s. Note
that the indices are up in Eq. (26b), and down in Eq. (27b). This difference gives rise to the sign difference between
the first term on the right–hand side of Eq. (26b) and the second term on the right–hand side of Eq. (27b).
It might not be obvious that the terms involving the Ricci tensor R˜ab and covariant derivative D˜a on the right–hand
sides of Eqs. (26b) and (26d) will simplify to the corresponding terms involving Rab and Da on the right–hand sides
of Eqs. (27b) and (27d). However, the following argument shows that this must be the case. The terms involving Rab
and Da on the right–hand sides of Eqs. (27) can be obtained from the functional derivatives of
F ≡ −1
2
∫
d3xαhR = −1
2
∫
d3xαg
(
ϕ8R − 8ϕ7D2ϕ) . (28)
Since F is conformally invariant, we can view it either as a functional of gab and ϕ or as a functional of the conformally
invariant variables g1/3gab and g1/12ϕ. The functional derivatives with respect to gab and ϕ are defined by
δF =
∫
d3x
[
δF
δgab
δgab +
δF
δϕ
δϕ
]
. (29)
By splitting δF/δgab into its trace and trace–free parts, we can rewrite this expression as
δF =
∫
d3x
[
−g−1/3gacgbd
(
δF
δgcd
)TF
δ
(
g1/3gab
)
+ g−1/12
δF
δϕ
δ
(
g1/12ϕ
)]
. (30)
Then by explicit calculation, we find
δF [g, ϕ]
δ(g1/3gab)
= −g−1/3gacgbd
(
δF
δgcd
)TF
= −1
2
g2/3ϕ7
[
αϕRab − ϕDaDbα− 8D(aαDb)ϕ− 8αDaDbϕ
]TF
, (31a)
δF [g, ϕ]
δ(g1/12ϕ)
= g−1/12
δF
δϕ
= 4g11/12ϕ5
[−αϕ2R+ 14αϕD2ϕ+ 42αDaϕDaϕ+ 14ϕDaϕDaα+ ϕ2D2α] . (31b)
Since F , g1/3gab, and g1/12ϕ are conformally invariant, the expressions on the right–hand sides of Eqs. (31a) and
(31b) must be conformally invariant. Therefore these expressions are unchanged if we conformally transform the
CT variables to the invariant CT variables. We do this by applying the transformation (2) with ξ = g−1/12. This
argument shows that we can place tilde’s on the right–hand sides of Eqs. (31) without changing the values of these
expressions. Armed with this result, it is straightforward to show that Eqs. (27) follow from Eqs. (26).
The CT equations (27) extremize the action and are equivalent to the ADM equations (8). They are invariant
under the conformal transformation (2). Thus, these equations do not determine the evolution of g, the determinant
of the conformal metric gab. For practical (numerical) calculations, it can be useful to fix g. As discussed in the
introduction, a common choice is to specify g = 1. However, we are free to choose g to be any t–dependent spatial
scalar density of weight 2. There are two natural cases to consider for the evolution of g. The first case is ∂⊥g = 0;
that is, g can be chosen to be constant along the normal to the spacelike hypersurfaces in spacetime. I will refer to
this as the Eulerian condition, since g is constant for the observers who are at rest in the spacelike hypersurfaces. The
8second case is ∂g/∂t = 0; that is, g is chosen to be constant along the time flow vector field in spacetime. I will refer
to this as the Lagrangian condition, since g is constant for the observers who move along the “flow lines” defined by
the spatial coordinates. Note that the choice g = 1 is a special case of the Lagrangian condition.
For the Eulerian case the terms ∂⊥ ln g vanish in the equations of motion (27). Thus, we have
∂gab/∂t = 2D(aβb) − 2α
√
gAab , (32a)
∂Aab/∂t = β
cDcAab + 2Ac(aDb)β
c − 2α√gAacAcb
−8√gϕ7
[
αDaDbϕ+D(aαDb)ϕ+
1
8
ϕDaDbα− 1
8
αϕRab +
1
8
αϕsab
]TF
, (32b)
∂ϕ/∂t = βcDcϕ− 1
6
α
√
gϕ7τ , (32c)
∂τ/∂t = βcDcτ +
√
g
[
αϕ6τ2 + αϕ2R− 14αϕD2ϕ− ϕ2D2α− 14ϕDaϕDaα
−42αDaϕDaϕ+ 1
2
αϕ6(s− 3ρ)
]
, (32d)
when the condition ∂⊥g = 0 holds. For the Lagrangian case ∂g/∂t = 0 we have
∂gab/∂t =
{
right–hand side of Eq. (32a)
}
− 2
3
gabDcβ
c , (33a)
∂Aab/∂t =
{
right–hand side of Eq. (32b)
}
+
1
3
AabDcβ
c , (33b)
∂ϕ/∂t =
{
right–hand side of Eq. (32c)
}
+
1
6
ϕDcβ
c , (33c)
∂τ/∂t =
{
right–hand side of Eq. (32d)
}
. (33d)
By contracting with gab we find that Eq. (32a) preserves the Eulerian condition. Likewise, Eq. (33a) preserves the
Lagrangian condition.
The terms 2D(aβb) in Eqs. (32a) and (33a) come from the Lie derivatives of the type
(
0
2
)
tensor gab. The extra term
−(2/3)gabDcβc that appears in the Lagrangian case (33a) combines with 2D(aβb) to give the same result one would
obtain by computing the Lie derivative as if gab were a type
(
0
2
)
tensor density with weight −2/3. Similarly, the extra
terms that appear in the equations of motion for Aab and ϕ in the Lagrangian case combine with the Lie derivatives
LβAab and Lβϕ to give the same results one would obtain by computing those Lie derivatives as if Aab were a type(
0
2
)
tensor density of weight 1/3 and ϕ were a scalar density of weight 1/6.
As discussed in the introduction, there is no conceptual advantage in leaving the trace of Aab unspecified. If A = 0
were not imposed from the beginning, the independent equations of motion would be identical to Eqs. (27) with the
replacements τ → τ + ϕ−6A and Aab → (Aab)TF. The resulting equations would not determine the evolution of τ
and A separately, but only the “trace invariant” combination τ + ϕ−6A. We could choose A to be any t–dependent
spatial scalar. In practice it might be convenient to determine A by removing the trace–free (TF) symbol from the
terms in square brackets on the right–hand side of Eq. (27b).
V. BSSN EQUATIONS
The conformally invariant BSSN system of evolution equations [4, 5] is based on the CT equations (27). It uses
new fields, the “conformal connection functions”, defined by
Γc ≡ gabΓcab = −
1√
g
∂a (
√
ggac) . (34)
Here, Γcab are the Christoffel symbols built from the conformal metric gab and ∂a stands for the partial derivative with
respect to the spatial coordinate xa. In the original treatment of the BSSN system, the condition g = 1 was imposed
from the outset. As in the previous sections, I do not impose g = 1.
The key idea of the BSSN system is to replace certain derivatives of the metric that appear in the Ricci tensor on
the right–hand side of Eq. (27b) by the conformal connection functions Γa. By explicit calculation, we have
Rab = −1
2
gcd∂c∂dgab + gc(a∂b)Γ
c + ΓcΓ(ab)c + g
cd
(
2Γec(aΓb)ed + Γ
e
acΓebd
)
, (35)
9where Γabc ≡ gadΓdbc. The CT system (27) must be extended to include an evolution equation for Γa. This is found
by computing ∂⊥Γ
a from its definition (34). For this calculation, it is helpful to introduce the invariant conformal
connection functions, Γ˜c ≡ g˜abΓ˜cab = −∂ag˜ac. These variables are invariant under the conformal transformation (2)
since they are built from g˜ab = g
−1/3gab. They are related to Γ
a by
Γ˜a = g1/3Γa + (1/6)g−2/3gab∂bg . (36)
The evolution equation for Γ˜a is straightforward to compute once we recognize that ∂⊥ and ∂a commute.
2 The result
can be expressed as
∂⊥
(
g1/3Γa
)
= −1
6
∂⊥
(
g1/3gab∂b ln g
)
− 2∂b
(
αg5/6Aab
)
, (37)
where ∂b ln g = g
−1∂bg.
The equations (27), (37) appear different from the familiar expression of the BSSN equations largely due to differ-
ences in notation. Let me define a set of “BSSN variables”, denoted by carets:
ϕ ≡ eϕˆ , (38a)
Aab ≡ e6ϕˆAˆab , (38b)
α ≡ e−6ϕˆαˆ/√g . (38c)
The definitions for the metric gab, trace of extrinsic curvature τ , and shift vector β
a are unchanged. Under a conformal
transformation, the BSSN variables change by
gab −→ ξ4gab , (39a)
ϕˆ −→ ϕˆ− ln ξ , (39b)
Aˆab −→ ξ4Aˆab , (39c)
τ −→ τ , (39d)
Γa −→ ξ−4Γa − 2ξ−5gab∂bξ . (39e)
The scalar lapse function αˆ and the shift vector βa are conformally invariant.
With the change of notation (38), the BSSN system (27), (37) becomes
∂⊥gab =
1
3
gab ∂⊥ ln g − 2αˆAˆab , (40a)
∂⊥Aˆab = −1
3
Aˆab ∂⊥ ln g − 2αˆAˆacAˆcb + αˆAˆabτ
+e−4ϕˆ
[−2αˆDaDbϕˆ+ 4αˆDaϕˆDbϕˆ+ 4D(aαˆDb)ϕˆ−DaDbαˆ+ αˆRab − αˆsab]TF , (40b)
∂⊥ϕˆ = − 1
12
∂⊥ ln g − 1
6
αˆτ , (40c)
∂⊥τ = αˆτ
2 + e−4ϕˆ
(
αˆR− 8αˆD2ϕˆ− 8αˆDaϕˆDaϕˆ−D2αˆ− 2DaαˆDaϕˆ
)
+
1
2
αˆ(s− 3ρ) , (40d)
∂⊥Γ
a = −1
3
Γa ∂⊥ ln g − 1
6
gab∂b∂⊥ ln g − 2√
g
∂b
(
αˆ
√
gAˆab
)
. (40e)
We can further modify these equations by making use of the Hamiltonian and momentum constraints H(g) = −gϕ12ρ
and M(g)a = √gϕ6ja, where H(g) and M(g)a are given by Eqs. (14) and (18), respectively. First, we rewrite the
momentum constraint as
∂b
(√
ge6ϕˆAˆab
)
=
√
ge6ϕˆ
(
−ΓabcAˆbc +
2
3
gab∂bτ + g
abjb
)
, (41)
2 That is, Lβ and ∂a commute. To show this, recall that the components of, say, a contravariant vector in a “barred” coordinate system
x¯a are related to the components of that vector in an unbarred coordinate system by v¯a(x¯) = vb(x)∂bx¯
a. The coordinate derivatives
of the vector components are related by ∂¯av¯b(x¯) = (∂¯axc)∂c[vd(x)∂dx¯
b]. Similar expressions hold for the components, and derivatives
of components, of other types of tensors. Define the Lie derivative by LβT ≡ T¯ (x) − T (x) where x¯
a = xa − βa and β is infinitesimal.
(Indices have been suppressed on T .) One then finds that Lβ(∂aT ) = ∂a(LβT ).
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and use this result to replace the spatial derivatives of Aˆab on the right–hand side of Eq. (40e). Next, we rewrite the
Hamiltonian constraint as
R = e4ϕˆ
(
AˆabAˆ
ab − 2
3
τ2 + 2ρ
)
+ 8
(
D2ϕˆ+DaϕˆDaϕˆ
)
, (42)
and use this result to replace the Ricci scalar R on the right–hand side of Eq. (40d). The end result of these changes
is
∂⊥gab =
1
3
gab ∂⊥ ln g − 2αˆAˆab , (43a)
∂⊥Aˆab = −1
3
Aˆab ∂⊥ ln g − 2αˆAˆacAˆcb + αˆAˆabτ
+e−4ϕˆ
[−2αˆDaDbϕˆ+ 4αˆDaϕˆDbϕˆ+ 4D(aαˆDb)ϕˆ−DaDbαˆ+ αˆRab − αˆsab]TF , (43b)
∂⊥ϕˆ = − 1
12
∂⊥ ln g − 1
6
αˆτ , (43c)
∂⊥τ =
1
3
αˆτ2 + αˆAˆabAˆ
ab − e−4ϕˆ (D2αˆ+ 2DaαˆDaϕˆ)+ 1
2
αˆ(s+ ρ) , (43d)
∂⊥Γ
a = −1
3
Γa ∂⊥ ln g − 1
6
gab∂b∂⊥ ln g − 2Aˆab∂bαˆ+ 2αˆ
[
6Aˆab∂bϕˆ+ Γ
a
bcAˆ
bc − 2
3
gab∂bτ − gabjb
]
. (43e)
Equations (43) with the Ricci tensor Rab given by Eq. (35) define the conformally invariant BSSN system.
We can rewrite the BSSN equations in a more compact form by using the identities
∇2αˆ = e−4ϕˆ (D2αˆ+ 2DaαˆDaϕˆ) (44)
in Eq. (43d) and
[αˆRab −∇a∇bαˆ]TF =
[−2αˆDaDbϕˆ+ 4αˆDaϕˆDbϕˆ+ 4D(aαˆDb)ϕˆ−DaDbαˆ+ αˆRab]TF (45)
in Eq. (43b). Recall that Rab and ∇a are the Ricci tensor and covariant derivative constructed from the physical
metric hab = e
4ϕˆgab.
The BSSN equations (43) are invariant under the conformal transformation (39). As with the CT equations (27),
these equations do not determine the evolution of g. We must specify ∂⊥g, which appears in several places on the
right–hand sides of Eqs. (43), as a separate condition. Alternatively, we could write the BSSN system in terms of
conformally invariant variables, including the invariant conformal connection functions Γ˜a. This would remove the
terms proportional to ∂⊥ ln g in the BSSN equations but add certain density weights to each of the variables (except
τ). As defined here, gab and Aˆab are type
(
0
2
)
tensors with no density weight, and ϕˆ and τ are scalars with no density
weight. The coordinate transformation rule for the conformal connection functions Γa follow from their definition (34)
and the familiar inhomogeneous transformation rule for the Christoffel symbols. In particular, Γa carries no density
weight.
Two natural choices for the evolution of g are the Eulerian condition ∂⊥g = 0 and the Lagrangian condition
∂g/∂t = 0. With the Eulerian condition, we have
∂gab/∂t = 2D(aβb) − 2αˆAˆab , (46a)
∂Aˆab/∂t = β
cDcAˆab + 2Aˆc(aDb)β
c − 2αˆAˆacAˆcb + αˆAˆabτ + e−4ϕˆ [αˆRab −∇a∇bαˆ− αˆsab]TF , (46b)
∂ϕˆ/∂t = βcDcϕˆ− 1
6
αˆτ , (46c)
∂τ/∂t = βcDcτ +
1
3
αˆτ2 + αˆAˆabAˆ
ab −∇2αˆ+ 1
2
αˆ(s+ ρ) , (46d)
∂Γa/∂t = βc∂cΓ
a − Γc∂cβa + gbc∂b∂cβa − 2Aˆab∂bαˆ+ 2αˆ
[
6Aˆab∂bϕˆ+ Γ
a
bcAˆ
bc − 2
3
gab∂bτ − gabjb
]
. (46e)
The identities (44) and (45) have been used to express these equations in compact form. For the Lagrangian condition,
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we have
∂gab/∂t =
{
right–hand side of Eq. (46a)
}
− 2
3
gabDcβ
c , (47a)
∂Aˆab/∂t =
{
right–hand side of Eq. (46b)
}
− 2
3
AˆabDcβ
c , (47b)
∂ϕˆ/∂t =
{
right–hand side of Eq. (46c)
}
+
1
6
Dcβ
c , (47c)
∂τ/∂t =
{
right–hand side of Eq. (46d)
}
, (47d)
∂Γa/∂t =
{
right–hand side of Eq. (46e)
}
+
2
3
ΓaDcβ
c +
1
3
DaDcβ
c . (47e)
The Eulerian and Lagrangian conditions are preserved by equations (46a) and (47a), respectively. Note that the
restriction g = 1 is a special case of the Lagrangian condition. Also note that with g = 1, the extra terms in Eqs. (47)
simplify since in that case Dcβ
c = ∂cβ
c.
It has been suggested [5] that the “Gamma freezing” condition, ∂Γa/∂t = 0 might be useful as a means of specifying
the shift vector for numerical evolutions based on the BSSN system. The related “Gamma driver” conditions [17],
which are less time–consuming to solve numerically than the Gamma freezing condition, have been used with some
success. Here we note that these conditions depend specifically on the way that the shift terms enter the evolution
equation for Γa. If we choose the Eulerian condition ∂⊥g = 0 to break the conformal invariance, then the Gamma
freezing shift equation is
gbc∂b∂cβ
a = terms containing at most first derivatives of βa . (48)
If we choose the Lagrangian condition ∂g/∂t = 0 to break conformal invariance, the Gamma freezing condition
becomes
gbc∂b∂cβ
a +
1
3
gab∂b∂cβ
c = terms containing at most first derivatives of βa . (49)
It might be interesting to explore the difference between these two shift conditions.
VI. CONFORMAL THIN SANDWICH EQUATIONS
Initial data for general relativity must satisfy the constraint equations. In the original York–Lichnerowicz conformal
decomposition [18], the gravitational field parts of the constraints are written as in Eqs. (14) and (18). The Hamiltonian
constraint H(g) = −ϕ12gρ can be solved for the Laplacian of the conformal factor ϕ,
D2ϕ = −1
8
ϕ−7AabAab +
1
12
ϕ5τ2 +
1
8
ϕR− 1
4
ϕ5ρ . (50)
The trace free extrinsic curvature Aab is split into a transverse part and a longitudinal part. With the so–called
“conformal transverse–traceless decomposition”, the longitudinal part of Aab is expressed in terms of derivatives of a
vector Xa. Then the principal part of the momentum constraintMa = ϕ6√gja is proportional to
∆ILXa ≡ Db(ILX)ba , (51)
where
(ILX)ab ≡ 2D(aXb) − (2/3)gabDcXc . (52)
∆IL is an elliptic operator. In this way, the Hamiltonian and momentum constraints are expressed as a system of
elliptic equations for ϕ and Xa. The freely specifiable parts of the gravitational field are the conformal metric gab,
the trace of the extrinsic curvature τ , and the transverse part of Aab.
More recently, York [6] has recognized that the momentum constraint can be expressed in terms of the ellip-
tic operator ∆IL acting on the shift vector. Observe that the trace–free part of the conformal metric velocity is
(∂gab/∂t)
TF
= ∂gab/∂t − (gab/3) ∂(ln g)/∂t. Using the “dot” notation for time derivatives, we find that Eq. (27a)
becomes
Aab = − 1
2α
√
g
(
g˙TFab − (ILβ)ab
)
(53)
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where (ILβ)ab is defined in Eq. (52). Inserting this result into the momentum constraint, we find
∆ILβa = D
bg˙TFab + 2
√
gAabD
bα+
4
3
α
√
gϕ6Daτ + 2α
√
gϕ6ja , (54)
where ∆IL is defined by Eq. (51). As described in Ref. [6], one can specify freely the gravitational quantities gab, g˙
TF
ab ,
τ , and α then solve Eqs. (50) and (54) for ϕ and βa. Wherever Aab appears, it is written in terms of the conformal
metric and its derivatives via Eq. (53).
The conformal thin sandwich construction [7] is an extension of this analysis to include the lapse anti–density as one
of the unknowns. By using the Hamiltonian constraint (50) to eliminate the Laplacian of ϕ, we find that Eq. (27d)
can be written as
D2α = − 1√
g
ϕ−2∂⊥τ − 1
6
αϕ4τ2 − 3
4
αR+
7
4
αϕ−8AabAab
−14ϕ−1DaϕDaα− 42αϕ−2DaϕDaϕ+ 1
2
αϕ4(s+ 4ρ) . (55)
The principal part of this equation is the conformal Laplacian operator acting on α. For the conformal thin sandwich
initial data construction the freely specified quantities are the conformal metric gab, the trace–free part of the metric
velocity g˙TFab , the trace of the extrinsic curvature τ , and its time derivative τ˙ = ∂τ/∂t. Equations (50), (54), and
(55), along with the expression for Aab given in Eq. (53), constitute an elliptic system of equations to be solved for
the conformal factor ϕ, the shift vector βa, and the lapse anti–density α. Once these equations are solved, the initial
data in terms of the physical metric hab and extrinsic curvature Kab can be obtained from Eqs. (1).
The conformal thin sandwich equations (50), (53), (54), and (55) are derived from the CT equations and the
Hamiltonian and momentum constraints, all of which are conformally invariant. It follows that the conformal thin
sandwich equations are invariant under the conformal transformation (2). To be precise, let ϕ, βa, and α denote the
solution of the conformal thin sandwich equations for a given set of input data gab, g˙
TF
ab , τ , and τ˙ . Then the solution
for input data ξ4gab, ξ
4g˙TFab , τ , and τ˙ will be ϕ/ξ, β
a, and α. The physical metric hab and extrinsic curvature Kab are
the same in either case.
In evolving the conformal thin sandwich data one can choose the lapse anti–density and shift vector α and βa freely,
without regard to the values obtained from the initial data construction. However, if the initial values of the lapse
and shift are chosen to coincide with the values of α and βa that were computed from the thin sandwich equations,
then initially the trace–free part of the conformal metric velocity will coincide with the chosen value of g˙TFab and the
initial time derivative of the extrinsic curvature’s trace will be given by the chosen value of τ˙ . This will be the case
whether the data is evolved via the ADM equations (8), the CT equations (27), or the BSSN equations (43). In the
later two cases, we are free to choose the Eulerian or Lagrangian condition, or any other condition for the evolution
of g.
VII. CFC EQUATIONS
The approximate evolution equations obtained from the CFC have been used in numerical studies of binary neutron
star coalescence [8, 19] and supernovae [9, 20]. This approximation to general relativity appears to be quite good [21],
at least for systems that are not too far from spherical symmetry.
It turns out that the CFC equations are precisely the conformal thin sandwich equations, (50), (53), (54), and (55).
The CFC approximation can be described in a generalized way as follows. Let the conformal metric gab and the trace
of the extrinsic curvature τ be specified freely for all times. Then gab, g˙
TF
ab , τ , and τ˙ are known for all times and
the thin sandwich equations can be solved for the gravitational data α, βa, ϕ, and Aab as soon as the source data ρ,
ja, and s
ab is available. The idea, then, is to solve the conformal thin sandwich equations at the initial time using
the initial values for the sources. We then evolve the sources forward in time to the first timestep using the matter
equations of motion. These equations depend on the physical metric hab = ϕ
4gab, lapse anti–density, and shift. From
the source values at the first timestep, the conformal thin sandwich equations are solved to complete the gravitational
data at the first timestep. The process repeats.
For the CFC approximation, one sets the conformal metric equal to a flat metric for all times. In particular g˙TFab = 0
in Eq. (54). Also, maximal slicing is assumed so that τ = 0 for all times. Recall that the conformal thin sandwich
equations are equivalent to the Hamiltonian constraint, the momentum constraint, and two of the four CT evolution
equations, namely, Eqs. (27a) and (27d). Thus, the approximation in the CFC formalism consists in ignoring the
evolution equations for Aab and ϕ, namely, Eqs. (27b) and (27c).
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VIII. SUMMARY
The conformal–traceless decomposition of the gravitational field appears in a number of contexts in general relativity,
most notably in the analysis of the initial value problem and in the construction of the BSSN system of evolution
equations. In this paper I have written the action functional and equations of motion in terms of conformal–traceless
variables. I do not invoke the frequently imposed condition g = 1 on the determinant of the conformal metric. As
a consequence, the action and equations of motion are conformally invariant. I have presented two possibilities for
breaking conformal invariance, namely, the Eulerian condition ∂⊥g = 0 and Lagrangian condition ∂g/∂t = 0 on
the evolution of g. I also extended the equations of motion to obtain a conformally invariant version of the BSSN
system. For this system as well, the invariance can be broken by specifying the Eulerian or Lagrangian condition. I
showed that the conformal thin sandwich equations for gravitational initial data are obtained from the Hamiltonian
and momentum constraints along with a subset of the evolution equations written in conformal–traceless variables.
Finally, I have pointed out that the CFC approximation to general relativity consists in solving the conformal thin
sandwich equations at each time step, assuming the conformal metric is flat and the time slicing is maximal.
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